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Let A be a path algebra of tame type over a finite field, let M be an
 .indecomposable A-module, and let C A be the composition algebra of A. The
w x  .main result in this paper is that M g C A if and only if M is a stone, i.e.,
1  .Ext M, M s 0. Q 1998 Academic PressA
1. INTRODUCTION AND PRELIMINARIES
1.1. Let A be a finite-dimensional hereditary algebra over a finite
w x.field. Recent studies of C. M. Ringel and J. A. Green R3]R8, G1, G2
 .have shown that the twisted generic version C# A of the composition
 .  .algebra C A of A in Ringel's sense gives a realization of the positive
part Uq of the Drinfeld]Jimbo quantized enveloping algebra U s Uym
0 q  w x.U m U see, e.g., L, Sect. 3.1.1, 3.2.5 of the Kac]Moody algebra of the
q  . type associated with A, that is, there is an isomorphism U ( C# A see
w x w x.G1, Theorem 3 and R3, p. 586; R4, p. 400; R6, p. 105 .
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This remarkable Ringel]Green isomorphism provides an approach to
 .quantum groups via the Ringel]Hall algebra H A of A. In particular,
it makes it possible to apply the Auslander]Reiten theory in the study
of Uq.
If A is representation-finite, that is, there are only finite isoclasses of
w xindecomposable A-modules, then it is proved in R4, Proposition 6 that
 .  .  .the subalgebra C A of H A coincides with H A , in particular, any
 .  .module lies in C A . If A is representation-infinite, then C A is a proper
 .subalgebra of H A . A natural question is to determine which kinds of
 .  .elements in H A lie in C A . Indeed, it is known that some important
modules and their combinations have such a property.
Let us consider a stone, i.e., an indecomposable A-module M with
1  . Ext M, M s 0 it is called an exceptional module, a rigid module, and soA
.on by some mathematicians . This kind of module has generated a lot of
interest in the representation theory, for example, in the module category
 w x.  w x.of A see, e,g., R1, K, GL , in the tilting theory see, e.g., R1, H, HR , in
 w x.the exceptional sequences see, e.g., CB, R10, R8 , and so on.
w x  . It was observed by Ringel that if M is a stone, then M g C A see
w x.Theorem 2 in Zp1 . The aim of the present paper is to prove that if A is
w x  .a path algebra of tame type and M is indecomposable with M g C A ,
then M must be a stone. The proof uses a structure of triangular
 . w xdecomposition of C A established in Zp3 and a derivation of a composi-
w x w xtion algebra, which is introduced in L for the algebra f, and in CX for
the Ringel]Hall algebras.
It should be pointed out that our arguments also seem to be valid for
non-simply laced tame hereditary algebras, by using the same triangular
 . decomposition structure of C A as in the tame simply laced case see
w x.Zs ; see the Final Remarks at the end of this paper.
1.2. Let A be a finite-dimensional algebra over a finite field k. Given a
w xA-module M, we denote by M its isoclass and by dim M its dimension
vector. It is by definition the corresponding element in the Grothendieck
 .  .group K A of all A-modules modulo exact sequences. Note that K A0 0
n  .  .can be identified with Z such that dim S i s 0, . . . , 1, . . . , 0 for the
 .simple module S i , 1 F i F n.
 .For simplicity we use the untwisted multiplication in H A . However, all
w xconsiderations hold automatically for the twisted one introduced in R7 .
 .By definition the Ringel]Hall algebra H A of A is a Q-space with the
w xset of isoclasses M of all finite modules as a basis, with multiplication
given by
w x w x L w xM ? N [ g L , M , N
w xL
ZHANG AND ZHANG616
where the structure constant g L is the number of submodules V of LM , N
 .with V ( N and LrV ( M. Then H A is an associative Q-algebra with
w x w xidentity 0 . See, e.g., the literature R2, M .
 w x.C. M. Ringel has also defined see, e.g., R3 the composition algebra
 .  .C A of A to be the subalgebra of H A generated by all isoclasses of all
w  .xsimples S i , 1 F i F n.
 . n  .  .Given d s d , . . . , d g N , let H A be the Q-subspace of H A1 n 0 d
w x  .  .with as a basis the set of M with dim M s d, and C A s H A ld d
 .  .  .  .  . nC A . Then both H A s [ H A and C A s [ C A are N -d d 0d d
 .  .graded algebras, and C A is the Q-subspace of H A spanned by alld
w  .x w  .xmonomials S i ??? S i , such that the number of occurrences of i in1 d
the sequence i , . . . , i is exactly d , 1 F i F n, where d s d q ??? qd .1 d i 1 n
1.3. Let A be a connected, finite-dimensional hereditary algebra of
w x  w x.tame type over a finite field k. Then by Dlab]Ringel DR see also Ga
we know that A is Morita equivalent to a tensor algebra of a k-species of
 .Euclidean type. Here by tame we mean that the quadratic form q x of A
is positive semidefinite, with a unique minimal positive imaginary root n
 n  . 4  w x.such that z g N N q z s 0 s Zn see DR . All A-modules considered0
are finite-dimensional over k and hence are finite as sets. For the
w xrepresentation theory of A we refer the reader to ARS, R1 .
Given two modules X and Y, define the integer
 : 1X , Y s dim Hom X , Y y dim Ext X , Y . .  .k A k A
w x  :Then by R1, p. 70 we know that X, Y depends only on dim X and
 :dim Y. It follows that the bilinear form y, y can be linearly extended to
 . nthe Grothendieck group K A s Z , where n is the number of isoclasses0
of simple A-modules.
Denote by t s DTr and ty1 s TrD the Auslander]Reiten translates.
Notice that the Auslander]Reiten quiver of A has one preprojective
component and one preinjective component, and all other components are
tubes T s ZA rm, where m is called the rank of T. If m s 1, then T is`
called a homogeneous tube, and then t M s M for every indecomposable
M in T , and the dimension vector of the quasi-simple module in T is a
multiple of n. If m G 2, then T is called a nonhomogeneous tube, and
then any indecomposable M in T is a stone if and only if the quasi-length
of M is less than m. Notice that any indecomposable regular module is
regular serial, and that two indecomposables in two different tubes have
no nonzero homomorphisms and no nontrivial extensions.
 .  : By definition the defect ­ M of a module M is n, dim M we also
n.say the defect of an element in N . Then an indecomposable M is0
 .  . preprojective resp. regular; preinjective if and only if ­ M - 0 resp.
 .  . .­ M s 0; ­ M ) 0 .
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1.4. Let A be a connected, finite-dimensional hereditary k-algebra of
 . ninfinite representation type, with k a finite field and K A s Z , and let0
d g Nn. Define0
w xr s M , where M runs over regular A-modules with dim M s d.d
w xM
If there is no regular module M with dim M s d, then r [ 0; andd
w x .  . w xr [ 0 . Then r g C A ; see Zp1, Theorem 1 . Let T, P, and I denote0 d
 . nthe subalgebra of H A generated by all elements r with d g N , byd 0
indecomposable preprojectives, and by indecomposable preinjectives, re-
 .spectively. Note that the subalgebra P resp. I has as a basis the set of
w x  w x.  . P resp. I with P resp. I running through A-preprojectives resp.
.  .preinjectives . Let P ? T ? I be the Q-subspace of H A spanned by all
w x w xelements P ? r ??? r ? I , where P and I are, respectively, preprojec-d d1 m
tive and preinjective, d , . . . , d g Nn and m G 0.1 m 0
w x  .If x s  c M g H A such that M is regular for c / 0, then Xw M x M M
 .is said to be a regular element in H A . We need to use the following
 .structure theorem for C A . Note that the same result is also proved for
w xthe non-simply laced case in Zs .
Ä Äw x.THEOREM Zp3 . Let A be a path algebra of a qui¨ er of type A , D , orn n
Ä  .E with m s 6, 7, 8, o¨er a finite field k. Then C A s P ? T ? I. In particu-m
 .lar, T is exactly the subalgebra of C A generated by all regular elements
 .in C A .
1.5. From now on, throughout this paper, let A be a path algebra of a
Ä Ä Äquiver of type A , D , or E with m s 6, 7, 8, over a finite field k with qn n m
elements. The main result of this paper is
w xTHEOREM. Let M be an indecomposable A-module such that M g
 .C A . Then M is a stone.
 w x.Combining this with a theorem due to Ringel see Theorem 2 in Zp1
we have
w x  .COROLLARY. Let M be an indecomposable A-module. Then M g C A
if and only if M is a stone.
2. INDECOMPOSABLES IN NONHOMOGENEOUS TUBES
The aim of this section is to prove the following:
LEMMA 2.1. Let T be a nonhomogeneous tube of rank m, and N be an
w x  .indecomposable module of quasi-length m in T. Then N f C A .
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To prove this lemma we need several preparations.
For an Auslander]Reiten component C of A and a module M, if every
indecomposable direct summand of M belongs to C, then it is denoted
by M g C.
2.2. Let T , 1 F s F t, be all nonhomogeneous tubes of A, and n bes s
the rank of T . Let e s., . . . , e s. be the dimension vectors of all quasi-sim-s 1 n s
ple modules in T , and lets
n  :Ker ­ s x g N ­ x s n, x s 0 . 4 .0
We need the following
w x.  s.LEMMA DR, R1, p. 146 . The elements n and e , 2 F i F n , 1 F s Fi s
t, form a Z-basis of Ker ­ .
Let T be a nonhomogeneous tube with all quasi-simple modules
E , . . . , E , and let M g T. The above lemma permits us to define the1 m
 .quasi-dimension vector of M to be q ? dim M s c , . . . , c , where dim M1 m
s c dim E q ??? qc dim E . In particular, q ? dim E s e s 0, . . . , 0,1 1 m m i i
.1, 0, . . . , 0 .
 .  . LLEMMA 2.3. 1 Assume that Hom N, M s 0. If g / 0, thenA M , N
g L s 1.M , N
 . 1  .2 Assume that F s End M is a field and that dim Ext M, N s 1.A F A
If h: 0 ª N ª L ª M ª 0 is a nonsplit exact sequence, then
a aL M[Nw x w x w x w xM ? N s L q M [ N ,
a Hom M , N a a Hom M , N .  .N A M N A
where a is the order of automorphism group of M as A-module.M
Note that the first assertion in Lemma 2.3 is easy to see, and the proof
w xof the second one is similar to the one for Corollary 2 in Zp1 .
 .2.4. Let T be a nonhomogeneous tube of A. Denote by H T the
 . w xsubalgebra of H A generated by all elements M with M g T , and
 .  .denote by C T the subalgebra of H T generated by all quasi-simple
 .  . nmodules in T. Note that H T and C T are N -graded algebras, and that0
 .the homogeneous component H T is the Q-space with as a basis the setd
w x  .  .of isoclasses M with M g T and dim M s d, and C T s H T ld d
 . C T . Since all quasi-simple modules in T are stones, it follows see
w x.  .  .Theorem 2 in Zp1 that C T : C A .
 .  . nLet x s x , . . . , x , y s y , . . . , y g N . Define x F y pointwise.1 n 1 n 0
LEMMA. Let T be a nonhomogeneous tube.
 . w xi If N is a stone in T , then N is an iterated commutator of the
w x  .quasi-simple modules in T , and hence N g C T .
 .  .  .ii If d Pu n, then C T s H T .d d
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 .Proof. i Assume that E , . . . , E are all quasi-simple modules in T1 m
 .with t E s E , 1 F i F m y 1, and t E s E . Let E t denote thei iq1 m 1 i
indecomposable module in T with quasi-top E and quasi-length t.i
 .Let N s E t be a stone in T , which is not a quasi-simple module. Then1
2 F t F m y 1. Let F s End E . Then by the Auslander]Reiten formula1
1   ..   . .we have dim Ext E , E t y 1 s dim Hom E t y 1 , E s 1 andF A 1 2 F A 1 1
1   . .   . .Ext E t y 1 , E s 0; also we have Hom E t y 1 , E sA 2 1 A 2 1
  ..Hom E , E t y 1 s 0. It follows from Lemma 2.3 thatA 1 2
w x w x w xN s E ? E t y 1 y E t y 1 ? E . .  .1 2 2 1
Thus, the assertion follows by induction on t.
 .ii Let M g T with dim M s d. Since A is a path algebra of the
tame type, it follows that the sum of dimension vectors of all quasi-simple
modules in T is n; and since d Pu n, it follows that M s M [ ??? [ M ,1 m
 1  ..with all M being regular stones. Use induction on l Ext M, M , wherei A
 .  1  ..l X denotes the length of X as a finite Z-module. If l Ext M, M s 0,A
w x w x w x  . w x  .then M s c M ??? M , and hence by i we know that M g C T .1 m
 1  .. w x w x w x w xLet l Ext M, M / 0, and let M ??? M s c M q  c N .A 1 m M w N x/ w M x N
 1  ..Then c / 0, and for every N with c / 0 we have l Ext N, N -M N A
 1  ..  w x.l Ext M, M see, e.g., GP, Proposition 2.1 , and since by induction weA
w x  . w x  .have N g C T , it follows that M g C T .
LEMMA 2.5. Let d g Nn and d Pu n, and let T be a nonhomogeneous0
tube. If r has a T-component i.e., there exists a module M with M g T andd
.  .dim M s d , then r g C T .d d
 .  .Proof. By Lemma 2.4 ii it suffices to prove r g H T .d d
Assume that L is a regular module with dim L s d and L f T. Let
L s L [ L with L g T and 0 / L having no direct summands in T.1 2 1 2
Since both M and L are in T , it follows that we can write dim M y dim L1 1
as a N-combination of the dimension vectors of some quasi-simple mod-
ules in T. Since the sum of dimension vectors of all quasi-simple modules
in T is n, and dim M y dim L s dim L - d Pu n, it follows that we get a1 2
contradiction by Lemma 2.2.
w x  . w x2.6. Let X s  c M g H A . If c / 0, then M is said to be aw M x M M
w xcomponent of X with coefficient c . If M is a component of X with MM
indecomposable resp. with M indecomposable and M g T , where T is a
. w x tube , then M is said to be an indecomposable component of X resp. an
.indecomposable T-component of X .
Claim. Let T be a nonhomogeneous tube of rank m, and let N be an
w x  . w xindecomposable module of quasi-length m in T. If N g C A , then N g
 .C T .
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w x  .Proof. Assume that N g C A . It follows from Theorem 1.4 that
w x  .N g T, where T is the subalgebra of C A generated by all elements r ,d
n w x d g N . Thus, N can be expressed as note that A is a path algebra and0
.dim N s n
w xN s cr q c r ??? r s cr q X , ) .n d , . . . , d d d n1 s 1 s
n  4where each summand c r ??? r / 0, d , . . . , d g N y 0 , d qd , . . . , d d d 1 s 0 11 s 1 s
??? qd s n, s G 2, and c, c g Q.s d , . . . , d1 s
Take a homogeneous tube T such that the dimension vector of theh
quasi-simple module E in T is n. Such a homogeneous tube exists. Noteh
w xthat E is not a component of X, since by assumption s G 2 and all rd i
 . w x w x1 F i F s are neither 0 nor 0 . However, E is a component of r . Now,n
w x  .by comparing the coefficients of E in both sides of the equality ) we
 .get c s 0 in ) .
Let c r ??? r be a summand of X having a T-component. Thend , . . . , d d d1 s 1 s
all elements r , . . . , r should have a T-component. It follows fromd d1 s
 .  .Lemma 2.5 that r , . . . , r g C T , and hence c r ??? r g C T .d d d , . . . , d d d1 s 1 s 1 s
 .Now, by comparing T-components of both sides of ) we get
w xN s c r ??? r d , . . . , d d d1 s 1 s
 . w x  .with each summand c r ??? r g C T , and hence N g C T .d , . . . , d d d1 s 1 s
2.7. Let E , . . . , E be all quasi-simple modules in a nonhomogeneous1 m
tube T , with E s t E , 1 F i F m y 1, and E s t E .iq1 i 1 m
In this subsection we shall investigate the homogeneous component
 .  .C T of the graded algebra C T , which will be essential to the proof ofn
Lemma 2.1.
Let k s End E . Theni A i
1, j s i q 11dim Ext E , E s .k A i j i 0, otherwise.
Set d s n y dim E , 1 F i F m. Then by definition we seei i
w x w xC T s E ? C T q ??? q E ? C T . .  .  .d dn 1 m1 m
 .  .  . w xAccording to Lemma 2.4 ii we see that C T s H T has a basis L ,d di i
 .where L runs over modules in T with dimension vector d . Thus, C T isi n
a Q-vector space spanned by elements in V, where
w x w xV s E ? L 1 F i F m , L g T , dim L s d . 4i i
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w x w xTake an element E ? L g V. Since dim L s  dim E , it followsi j/ i j
 .from the structure of a tube that Hom E , L s 0, and sinceA i
1  :  :dim Ext E , L s y dim E , d s dim E , dim E y n .k A i i i i i
 :s dim E , dim E s dim Hom E , E , .i i k A i i
1  .it follows that dim Ext E , L s 1. From this fact, the structure of ak A ii
tube, and the fact that the quasi-dimension vector of L is e q ??? q1
e q e q ??? qe , it follows thatiy1 iq1 m
L s E ¨ [ E ¨ [ ??? [ E ¨ .  .  .iq1 1 iq¨ q1 2 iq¨ q ??? q¨ q1 t1 1 ty1
s E ¨ [ LX , 1 .  .iq1 1
where ¨ , . . . , ¨ G 1; t G 1; ¨ q ¨ ??? q¨ s m y 1.1 t 1 2 t
1  .  .Since dim Ext E , L s 1 and Hom L, E s 0, it follows fromk A i A ii
Lemma 2.3 that
Xw x w x w xE ? L s E [ L q E ¨ q 1 [ L . 2 .  .i i i 1
 .Denote by d M the number of indecomposable direct summands of
 .  X.module M. Thus, d L s t and d L s t y 1. In 2.8 below we shall call
 . w xd M the decomposition number of the element M .
w x w xNow consider the two components of the element E ? L g V; theyi
w x w  . X xare E [ L and E ¨ q 1 [ L . There are t q 1 elements in V, whichi i 1
w x have the component E [ L , they are as follows let M denote the jthi j
 . .indecomposable direct summand E ¨ of L, 1 F j F tiq¨ q ? ? ? q¨ q1 j1 jy1
w x w xE ? L ; E ? L , 0 F j F t y 1, 3 .i iq¨ q ? ? ? q¨ q1 j1 j
where
L s E [ M [ E ¨ y 1 . .[j i l iq¨ q ? ? ? q¨ q2 jq11 j /1FlFt
l/jq1
w  .And there are t elements in V, which have the component E ¨ q 1 [i 1
X xL ; they are as follows:
Xw x w xE ? L ; E ? L , 1 F j F t y 1, 4 .i iq¨ q ? ? ? q¨ q1 j1 j
 Xwhere note that M is the jth indecomposable direct summand of L ,jq1
.1 F j F t y 1
LX s E ¨ q 1 [ M [ E ¨ y 1 . .  .[j i 1 l iq¨ q ? ? ? q¨ q2 jq11 j /2FlFt
l/jq1
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2.8. Proof of Lemma 2.1. Let T be a nonhomogeneous tube of rank
m, and let N be an indecomposable module of quasi-length m in T.
w x  . w x  .Assume that N g C A ; then by Claim 2.6 we have N g C T , and
w x  . w xhence N g C T . Then by 2.7 we know that N is a Q-combination ofn
w xelements in V, so N can be expressed as
w xN s X q X q ??? qX , 5 .1 2 my1
w x w x w x w x  .where X s  c E ? L with E ? L g V and d L s i, 1 F i Fi j, L j, L j j
m y 1.
 .  .Let N s E m i.e., the quasi-top of N is E . Now we determine X by1 1 i
induction.
 .According to 2 in 2.7 we see that every component of X has thei
 .decomposition number i or i q 1. Note that the left side of 5 has a
w xunique component N whose decomposition number is 1. There is only
w x w x w  .xone element in V that has the component N , i.e., E ? E m y 1 .1 2
w xThus, by comparing the coefficients of the component N on both sides of
 .5 , and then by comparing the coefficients of the other components that
 .have decomposition number 1 on both sides of 5 , we see
w xX s E ? E m y 1 . .1 1 2
Assume that we have proved the following:
jy1X s y1 E ? E [ ??? [ E [ E m y j .  .j j 1 jy1 jq1
jy1s y1 E [ ??? [ E [ E m y j q 1 .  .1 jy1 j
jy1q y1 E [ ??? [ E [ E [ E m y j . .  .1 jy1 j jq1
We now derive the term X . Note that X q ??? qX q X qjq1 1 jy1 jq2
??? qX has no components with decomposition number j q 1; whereasmy 1
by inductive hypothesis X has only one component with decompositionj
w  .xnumber j q 1, i.e., E [ ??? [ E [ E [ E m y j ; moreover, from1 jy1 j jq1
w x w x2.7 we see that there is only one element in V of the form E ? L withi
 . w d L s j q 1, which has the component E [ ??? [ E [ E [ E m1 jy1 j jq1
.x  w x w  .x.y j this element is E ? E [ ??? [ E [ E m y j y 1 . Thus, byjq1 1 j jq2
wcomparing the coefficients of the component E [ ??? [ E [ E [1 jy1 j
 .x  .E m y j on both sides of 5 , we seejq1
jX s y1 E ? E [ ??? [ E [ E m y j y 1 q X . .  .jq1 jq1 1 j jq2
Again by comparing the coefficients of the other components that have
 .decomposition number j q 1 on both sides of 5 , we see X s 0, i.e.,
jX s y1 E ? E [ ??? [ E [ E m y j y 1 . .  .jq1 jq1 1 j jq2
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Thus by induction we get
w xN s X q ??? qX1 my1
jy1s y1 E ? E [ ??? [ E [ E m y j .  . j 1 jy1 jq1
1FjFmy1
jy1s y1 E [ ??? [ E [ E m y j q 1 .  .  1 jy1 j
1FjFmy1
jy1q y1 E [ ??? [ E [ E [ E m y j .  . /1 jy1 j jq1
mw x w xs N q y1 E [ ??? [ E , . 1 m
which is absurd. This completes the proof.
3. INDECOMPOSABLES IN HOMOGENEOUS TUBES
The proof of the following lemma is essentially similar to the one in
w xZp2 , which is only for the Kronecker algebra. We include it here for
completeness.
 .LEMMA. Let M be a nonzero indecomposable in a homogeneous tube.
w x  .Then M f C A .
Proof. Let M g T , where T is a homogeneous tube. Assume that
w x  . w xM g C A . Then by Theorem 1.4 we have M g T. Thus we have the
following expression:
w xM s c r ??? r , d , . . . , d d d1 m 1 m
n  4where c r ??? r / 0, d , . . . , d g N y 0 , and d q ??? qd sd , . . . , d d d 1 m 0 1 m1 m 1 m
dim M.
Assume that the dimension vector of the quasi-simple module in T is
ln, where l is a positive integer. Choose another homogeneous tube T X
different from T such that the dimension vector of the quasi-simple
module in T X is also ln.
Since we consider the path algebras of tame types, such a homogeneous
tube T X exists; this can be seen from the Kronecker algebra, for example,
w x w xby reduction using the perpendicular category introduced in GL and S ,
if A is a tame path algebra with s G 3 simple modules, and E is a
quasi-simple module in a homogeneous tube T. Take a regular stone N;
then the perpendicular category
N Hs X g A y mod N Hom N , X s 0 s Ext1 N , X .  . 4A A
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is equivalent to B y mod, where B is again a path algebra with s y 1
 w x.simples see, for example, S, Theorem 2.3 , and then M can be regarded
as a B-module, which is also a homogeneous quasi-simple module. Also
note that if two B-modules have the same dimension vectors as B-
modules, then they also have the same dimension vectors as A-modules.
By this process of reduction we need only consider the Kronecker algebra
 .K. Let dim E s m, m with m ) 1, and let F be the finite field with
w x  .  .F : k s m. Let u , u be two elements in F such that F s k u s k u ,1 2 1 2
 .  .with different minimal polynomials p x and p x over k, respectively.1 2
 w x   .. w x   ...Then consider K-modules E s k x r p x i k x r p x , with twoi i i
k-linear transformations given by identity and left multiplication by x q
  ..p x . Since End E s F for i s 1, 2, it follows that both E and E arei K i 1 2
 . .non-isomorphic quasi-simple K-modules with dimension vector m, m .
Let M X be the indecomposable in T X with dim M s dim M X. Now
 .denote by Q the set of the elements d , . . . , d such that the productT 1 m
w xr ??? r in the above sum has the component M . Similarly, denote byd d1 m
 .XQ the set of the elements d , . . . , d such that the product r ??? r inT 1 m d d1 mw X xthe above sum has the component M .
 .Since T is a homogeneous tube, it follows that d , . . . , d g Q if and1 m T
only if r , . . . , r all have indecomposable T-components, while r has and d d1 m i
indecomposable T-component if and only if d s m ln, where m is ai i i
positive integer. This proves that Q s Q X , which is denoted by Q in theT T
following.
Thus we have
w xM s c r ??? r q c r ??? r . d , . . . , d d d d , . . . , d d d1 m 1 m 1 m 1 m
 .  .d , . . . , d gQ d , . . . , d fQ1 m 1 m
Let X and Y denote, respectively, the first and second sums on the right
side of the above equality.
 .For every d , . . . , d g Q, let1 m
w x w X xr s N q N q X , 1 F i F m ,d i i ii
w x w X x Xwhere N and N are, respectively, the indecomposable T- and T -i i
 X .components of r then X has no indecomposable T- or T -components .d ii
It follows that
w x w X xX s c N q N q X . d , . . . , d i i i1 m
1FjFm .d , . . . , d gQ1 m
w x w X xs c M q M q V . . d , . . . , d1 m
 .d , . . . , d gQ1 m
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X w x w X xSince M and M are regular serial, the coefficients of both M and M
are 1. Note that V has no indecomposable T- or T X-components.
 .For every d , . . . , d f Q, r ??? r has no indecomposable T- or1 m d d1 mX w x w X xT -components. By comparing the coefficients of M and M on both
sides of the equality
w x w x w X xM s c M q M q V q Y , . d , . . . , d1 m
 .d , . . . , d gQ1 m
we get the desired contradiction,
1 s c s 0, d , . . . , d1 m
 .d , . . . , d gQ1 m
which completes the proof.
4. SKEW DERIVATIONS ON COMPOSITION ALGEBRAS
4.1. Given a module M, the following Q-linear maps d and d ofM M
 . w x H A are defined in CX since in this paper we deal with the untwisted
 .multiplication in H A , it follows that we should use the untwisted forms
.of d and d :M M
a aN NL Lw x w x w x w xd L s g N and d L s g N . .  . M N , M M M , Na aL Lw x w xN N
 .  .In particular, let S i and S j be simple A-modules. Then we have
di j w xd S j s 0 s d S j , 6 .  .  . .  .S i. S i.S i. , S i.:q y 1
where d is the Kronecker symbol.i j
w xNote that G. Lusztig L, p. 8 has introduced linear maps r and r ini i
 .Hom f, f . The maps d and d in twisted form are, respectively, theS i. S i.
realizations of r and r in Ringel]Hall algebras, which is called a skewi i
 .derivation of H A .
LEMMA. Let S be a simple module, and let M and N be A-modules. Then
 . w x w x. w x. w x y M , S:w x w x.1 d M ? N s d M ? N q q M ? d N .S S S
 . w x w x. y S, N : w x. w x w x w x.2 d M ? N s q d M ? N q M ? d N .S S S
 .  .Proof. Since the formulas 1 and 2 are slightly different from the one
in the twisted case, we include a proof, which is essentially the same as the
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w xone in CX . By definition we have
aVL L Lw x w x w x w xd M ? N s d g L s g g V ; .  S S M , N M , N V , S / aLw x w x w xL L , V
a X a XV VXM M V
X X Xw x w x w x w x w xd M ? N s g V ? N s g g V ; .  S V , S V ,S V , N /a aX XM Mw x w x w xV V , V
a aU UN N Vw x w x w x w x w xM ? d N s M ? g U s g g V . .  S U , S U , S M , U /a aN Nw x w x w xU U , V
 .Thus to prove 1 it suffices for any module V to prove
a a X aV V UL L M V yM , S: N V
X Xg g s g g q q g g , 7 .  M , N V , S V , S V , N U , S M , Ua a aXL M Nw x w x w xL V U
which is essentially a special situation of Green's formula in his paper
w xG1 . To see this, let
a a a aM N V SL LN M , N , V , S s g g , . 1 M , N V , S aLw xL
and let
N M , N , V , S s qy X , Y
X:g XM g XN gV g X XS a a a X a X . . 2 X , X Y , Y X , Y X , Y X Y X Y
X Xw x w x w x w xX , Y , X , Y
Since S is simple, it follows that g X XS / 0 if and only if one of X X, Y X isX , Y
S and the other is 0, and hence
N M , N , V , S s g M gV a a a q qy M , S:g N gV a a a . .  2 X , S X , N X N S Y , S M , Y M Y S
w x w xX Y
w xNow, according to Green's formula in Theorem 2 in G1 , we have
1 1
N M , N , V , S s N M , N , V , S , .  .1 2a a a a a aM N S M N S
 .which is exactly the desired equality 7 .
Note that the formulas above do not hold for d and d if M is notM M
simple.
 .   .  ..4.2. Consider the Q-linear maps f , f : H A ª Hom H A , H A1 2 Q
given by
w x w xf M s d ; f M s d . .  .1 M 2 M
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w x.  . w xLEMMA CX . 1 f is a Q-algebra homomorphism, i.e., f M ?1 1
w x.N s d ? d .M N
 . w x w x.2 f is a Q-algebra anti-homomorphism, i.e., f M ? N s d ?2 2 M N
d .
The proof is routine, which is the same as in the twisted case.
w x  .   .  ..THEOREM 4.3. If M g C A , then d , d g Hom C A , C A .M M Q
  .  ..Proof. By duality we need only prove d g Hom C A , C A .M Q
w x w  .x w  .x  .Assume that M s b S i ??? S i , where S i are all simplei , . . . , i 1 t j1 t
 .A-modules. Then by Lemma 4.2 1 we have
w xd s f M s b d ??? d . . M 1 i , . . . , i S i . S i .1 t 1 t
 . w  .x w  .xFor any element X g C A , say, X s c S j ??? S j , accord-j , . . . , j 1 s1 s
 .ing to Lemma 4.1 and formula 6 we see
d X s b c d ??? d S j ??? S j g C A . .  .  .  . .M i , . . . , i j , . . . , j S i . S i . 1 s1 t 1 s 1 t
This completes the proof.
5. PROOF OF THEOREM 1.5
Assume that M is an indecomposable that is not a stone. Then M must
be regular.
If M is in a homogeneous tube, then by Lemma in Section 3 we have
w x  .M f C A .
Now assume that M g T , where T is a nonhomogeneous tube with
quasi-simple modules E , . . . , E , m G 2. Let t be the quasi-length of M.1 m
w x  .Then t G m, since M is not a stone. We shall prove M f C A by using
induction on t.
w x  .If t s m, then M f C A by Lemma 2.1.
w x  .Assume that for t s s G m we have M f C A . Consider the case
 . t s s q 1. Without loss of generality, let M s E s q 1 recall that this1
means the quasi-top and the quasi-length of M are, respectively, E and1
.s q 1 , and let s q 1 s ml q r, 1 F r F m. Then we have
a aE  s. E  s.1 1Mw xd M s g E s s E s . .  . .E E  s. , E 1 1r 1 r a aM M
w x  . w  .x  .Since E g C A and E s f C A , it follows from Theorem 4.3r 1
w x  .that M f C A . This completes the proof.
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FINAL REMARKS
As we see, if the following two statements also hold for non-simply laced
tame hereditary algebras, then the stated result in Theorem 1.5 and the
proof also hold for any tame hereditary algebra:
 .i Let T be a nonhomogeneous tube such that the sum of the
dimension vectors of all quasi-simple modules in T is ln, where l is a
positive integer. Then there exists a quasi-simple module E in a homoge-
.neous tube such that dim E s ln.
 .ii Let T be a homogeneous tube with quasi-simple module E.
Then there exists another quasi-simple module EX such that dim EX s
dim E.
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